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1 Introduction

This formulary is intended to provide some of the essential identities or theorems which are
easily being forgotten if not used regularly. The hypothesis or validity conditions are omitted
in all cases where they are supposed to be obvious enough in order that the reader already
knows them, or is able to easily find them out. This formulary is primarily aimed at theoret-
ical physics, therefore it doesn’t contain many numerical values or considerations on units.
The content is based on lectures given to undergraduate students in physics at the EPFL
(1996—2001). The latest version may be downloaded from http://www.francoiscoppex.com,
under “publications”. If the reader needs more specific mathematical relations that cannot be
found in this formulary, it might then be useful to look at I. S. Gradshteyn, I. M. Ryzhik,
Table of Integrals, Series, and Products, Academic Press (1994).

Note that in order to have this formulary in a very handy form you may try the command
psnup -4 physformulary.ps > p4.ps, then print p4.ps on both sides, and finally fold the for-
mulary in four.

This document may not be modified in any way without my permission. You may distribute
freely this document. You may not use this document in any commercial purpose unless a
special agreement exists with its author.



2 MATHEMATICS

2 Mathematics
Algebra

Trigonometric Identities

2.1
2.1.1

o Expression of sin, cos, tg, ctg in function of the other trigonometric functions

/! sin(x) cos(x) tg(x) ctg(x)
. — el )2 tg(z) 1
sin(x) 1 — cos(z) Titis? | Vireaor
— 3 1 ctg(z)
cos(z)[+/1 — sin(x) T | Virasor
sin(x) y/1—cos(x)? 1
@) | e o) ctg(@)
1—sin(z)? cos(x) 1
Ctg(l‘) sin(x) /lfcos(:z:)z g(x)
e Most common identities
cos(z) + cos(y) = 2 cos (£HY) cos (L5Y); cos(z) — cos(y) = —2sin (£5¥) sin (L)
sin(z) %+ sin(y ) = 2sin ( ¥) cos (L)
sin(x) sin(y) = % (= cos(z + y) + cos(x — y)); sin(x) cos(y) = % (sin(z + y) + sin(z — y))
cos(a)sin(y) = b (sin(a +y) —sin(@ — )i cos(z) cos(y) =  (cos(z + ) + cos( — 1)

sin(z £ y) = sin(x) cos(y) £ cos(z) sin(y);

tg(z)Etg(y)

te(z £ ¥) = e tate)

o Half angle

cos(z £ y) = cos(x) cos(y) F sin(z) sin(y)

sin (5)° = =5 cos (5)° = )

tg (%)2 = higigi%’ tg () = l;ilo(sr()x) = 1-7—1210(3()7)
o Other Identities

cos(z) =1 (e““” +e7);  sin(z) = 5 (ei”i—2 e )

sin(z) = izi%))g; cos(x) = %

ta(a) = ik,

2.1.2 Hyperbolic Identities

o Sum and Difference of Angles

sh(z £ y) = sh(z) ch(y) £ ch(z) sh(y);

th(z)+th(y)

th(z £Y) = TEny mi)

o Multiples of an Angle

sh(2z) = 2sh(z) ch(z); sh(2)? =
ch(2z) = sh(z)? 4+ ch(z)?;  ch (%)2 =
th(2z) = TR th (5)°
o Other Identities
ch(z) (" +e™7);
ch(z)? —sh(z)? =1 th(z)?

ch(xz + y) = ch(x) ch(y) £ sh(z) sh(y)




2 MATHEMATICS )

2.1.3 Products

00 z ;p sin(x S 22
[Te=1 (1 - (%) ) [152, cos (57) = ;5 L [Tz (1 - (21?—1)2> = cos(mz)
71)k,+1

| (1 +I2k) = 1im; | ol (1 + (2k—1 ) =V2

2.1.4 Sums
Zkl :77T2;1 2 Z§71%1:$7T41 4
Zlekl =387 D k=1 @E=T)7 = 967
> ke 7( D' _ 1. PO Db =1In(2)
k=0 2kt1 — 47 k=1 k&
bk = dnln + 1) Ik = dnln+ 1)(2n + 1)
Sro k= (n(n+1)% Sic (% - air) =1- o PER
"t n m+k m+n+1
Zk_ :1 ; Zk:o(;):<:rg+ir)

>h=o (7) kbn = (a+b)n

2.1.5 Convergence Criterions

e Comparison Criteria

Let z, € C.

- >, Zn converges absolutely if |z,| < oy, Y > ng, >, o, < 00

=Y n >0, ki <k;jVi<yj, ), Bn<o0
e Geomelrical Sum Criteria

>, 2" converges absolutely <= |z| <1 and in this case ), 2" = 1
Cauchy’s Criteria

Let L = limsup,,_, ., |2.|'/", 2, € C.

-L<1=%" z, converges, . |z,| < oo

-L>1= 3" z, diverges

od’Alembert’s Criteria

Let L = limy, .o ‘+ ] 2 % 00 > 1o, np # 0.

-L<1=73" z, converges, > |z,| < oo

-L>1= %" z, diverges

od’Abel’s Criteria

Suppose that > a, converges, and {b,} is a monotonous bounded sequence, then )  a,b,
converges.

e Leibnitz’s Criteria

Suppose that {a,} is a monotonous sequence of real numbers so that lim, . a, = 0, then
> . (=1)"a, converges.

2.1.6 Linear Algebra

e Determinants

Let A = {aw}” L
line ¢ and column j.
Definition

e C™*™;, B € C"*"; Ali, j] the matrix obtained from A by erasing the

n!

det(A) = Y sign(pi)aip, 1) - tnp,(n) (2.1)

Pi€Snh
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Properties
det(A) = Y (—1)"a; det (A[i, j]) = Y (—1)"a;; det (A, 5]) (2.2)
i=1 j=1
det(A - B) = det(A)det(B) (2.3)
det (g i) = det(A + B) det(A — B) (2.4)

o Comatriz (Cramer’s Rule)

AT = detl(A)“L A= {ay)y; = {(-)™ det (Al )} (2.5)

e Diagonalization

Let A,D,S € C"*™; A\, € C; V), € (D"Xl; A-Vy, =NVysi=1,...,n; D;; = \dyj;
D=S"1-A4-8;8=(Vy]|-|Vy,), then

~AeR A=A — 35, S ' =¢"

SAeC A=A =38, S'=8" N eR,i=1,...,n

SAECVT A A =1=138; 8 =8%|N[=1,i=1,...,n

2.1.7 Rotation Matrix

Let {éi}?zl be the cartesian orthonormal base; Re, the rotation matrix around é;.

1 0 0 cos 0 sinf cos) —sinf O
Rs, = 1 cos —sinf |; Re,=1 O 10 ; Rsy = sinf cost 0
0 sinf cosf —sinf® 0 cosf 0 0 1

2.1.8 Levi-Civita Symbol

- _ sign(p), if prpo...pn=p(12...n),pe S, (2.6)
Hik2:-Hin 0, otherwise )

2.2 One Variable Real Analysis
2.2.1 Taylor Sums

2* ,
exp(z) = Dheo g = 1"‘%"‘%"‘"""2! ;
In(l14+z) = >0, (- )k“””k ~ -5+ ..+(71)”+1%
2k 2 4 e2n
cos(x) = Ypl(=D)F ék' = _LQT""ZT"_"'—'_(_l)nén)
. c+1 3 5 2n+1
sin(z) = Ypeo(— ) 2k+1)' ~ r—FHA+EH 4.+ (=) (§n+1).
. o 2k—1)!1 & 2k+1 N 3 325 2n—1)!1 1 2n+1
asm(m) = T+ Zk:l 2;)!‘11 2k+1 — z + x673 + @ +.ot 2nn! R 2+ni+1
00 z T "
atg(w) = Zk:o(_l)kTQkJA = T TT + % + + (=" I2n+1
2n
ch(z) = 3%, (21@2 ~ 1+3 o T+ S a R )
2n+1
sh(z) = Zk 0 (2k+1)' ~ x4+ 3 3' + 3 bt (2n+1)'
—1\!I! ,.2k+1 —_1)! .2n+1
ash(z) = o+ Y0 (-1FCEEMern ~ g g3y (e Cpt e
2k+1 3 5 2n+1
ath(z) = 3000 St ~ r+T+ T4+ T
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ﬁ = neo(— 1)z ~ l—xz+a?4... +(=1)"z"
Ty = Yiso(-DF(k+1)a* ~ 1—2043224 ...+ (=1)"(n+1)a"
2 .
VIts o= 14 ()G aE gz gy (et Gpilge
\1ﬁ = 1420 (—)REE gk > 1-2 43y g (—nCa e
= 2k k! — .. ST
- 1+Z/2112]E;:0k(. gk ~ l4oap+ ey 2_¢_+Wzn
( ) = 22050 T ~ 2(w+f+—+...+L)
~! 0 2k-‘,];1 s o 3 . 5 . 2n+1 R
= Zi=ol D HRD ~ o5 +gs —ar to U S

2.2.2 Integrals

o Gaussian Integrals
Let o, 3,7 € ©, Re(a) > 0; x, a € R% A : RY — R? an operator (matrix); n, (n,) the
number of positive (negative) eigenvalues of A, sign(A) = n, — ny.

d/2 4ary + (2
d
]Rdd x exp (—ax® + fx +7) = (a) exp( ia (2.7)
dd 1 A _ (27T)d/2 1 A*l
x exp (—3 (x|Ax) + (alx)) = ———=exp (5 (alA"'a)) (2.8)
R det(A)
2mr)4/2 i
d?x exp (L (x|Ax (7@( 1—sign(A 2.9
[t e (3 (xAx) = T e (i san(a) 29)
e Integrals of Gaussian Moments
d/2 F<d+n)
dox [xm e = = 2 2.10
L e = T (2.10)
d/2 d 1“( )
d n_—ax? . — il +n 2
/]Rdd x |x|["e TiTj = e g I dij (2.11)
42 3 (d+n)(d 2)
d n_—ax? _ m 7( ’I’L)( +n+ ( 2 )
/Rdd x e mnen = CaneaE T ddye) T ()

X {(kal + - [52]5kl( — 51]@) + (Sikéjl(l —0; ) (5115]']@(]. — (5”)]} (2.12)

o Exponential-like Integrals

o !
/0 dza"e™ " = a:‘.ﬂ (2.13)

o Angular integrals

Let g, & = (01,...,04) € RY, |&] = 1. We adopt the notation [do = f\x|:1ddx' In the
integrals below, the results when (o - g) is absent are obtained upon multiplying the value
of G, by two.

- o o n ﬁn n—
/daﬁ(a -g)(0-g)loio; = mg ) 2(ngigj +926ij) (2.14)
[ 166G 8@ 80 = Brrg™ s (2.15)
B = /dc?@(?r@)(&@)” = na-n2L () (2.16)
! T (249) '
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o Hypersphere Integrals

o Trigonometric Functions

1
/da;/da: 5 :/dxtgx:—lnﬂcosxD
cos? x
-1
/dx/da: — :/da: ctgz = In(|sinz|)
sin” x
cosT 1 T
/dI/dx sin? z /dx sin x =1n (’tg (5)‘)
sinx 1 r
/dz/dw cos2 /dx Ccos T =1n (‘tg <§+Z>D
dz [dz dz asinz = zasinz + /1 — 22
/ \ﬁ v
/dx/dx /dx acosx = zacosx — /1 — x2
/d:z:/dxﬁz/dx atgx:xatgx—ln<\/1+a:2>
1+
/dx/dx;l:/dx actgx:xactg:r+1n(\/1+x2)
1+ 22

o Hyperbolic Functions

e Square Roots

x
dx/dxi = [dzv2z?2+a2 =
/ V2 +a? ./
—x
dx/dxiz dzva? — 22 =
/ va? — 2

/dx/dsc\/(x;jiicﬂ)s :/dx\/ﬁ

1
/da:/dx 5 z/dx thz =1n(chz)
ch”x
/dx/dx;;:/dm cthz =In(|shz|)
sh” z

1
dz [dr ——— = [dz ashz =zashz — V22 +1
:/dxachx:xachm— z2 -1

1
dz [dz
/ vz -1
1
/dm/dxl—ﬂ z/dx athx:xathx+ln<\/1—x2>

/da:/da"l_x2 /da: acthx:xacthx+ln(\/ac2—1)

2

Va2 —ax? + @ asin (f)
2 a

:1n<:L‘+ x2:|:a2)

IR Y

z 1 . (T
/d.’L' dx \/ﬁ = dx ﬂ = asin (E)

2
:v2:|:a2:t%ln(x+ xzj:az)

(2.17)

(2.18)

(2.19)
(2.20)
(2.21)
(2.22)
(2.23)
(2.24)
(2.25)

(2.26)

(2.27)
(2.28)
(2.29)
(2.30)
(2.31)

(2.32)

(2.33)
(2.34)
(2.35)

(2.36)
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e Polynomial Fractions

x 1 (22 £ a)t "
o Ly (e 2.38
v 2 = i (ja? + ) (2.38)
at 2x+a
/d x _ az + 2b L 8\ Var—az (2.39)
* (x2 +ax +b)2 (22 + ax + b)(a? — 4b) “ (4b—a2)3/2 '
axr +b b—ca T+c
de — = 71 2 ———atg | — 2.4
/ x2+20x+s n (|z% + 2cz + s|) + mag<m> (2.40)
 2(+4a) 1 1 z+a
d - d -—_ = - .
Joe o ey - Jo e e () e
1 1 zta
I _—— 71 .
/dx/da: (:|:x2j:c12)2 /dJC:FxQ:i:a2 2a n( q:x—i—a) (2:42)
e Derivative of an Integral
d 9w ) @ 9(v) g
/ dz f(z,k(y)) = 9" (W) f(9(y), k(y)) — 'V (y) f(h(y), k(y)) + / dz —f(x, k(y)) (2.43)
Ay Jh(y) hy) Y

eSpherical Change of Variables in R"™
Let r > 0, ¢ €]0,27[, 6; €]0,7[ Vi =1,...,n — 2, then the spherical change of variables in
R™ is

21 = rsinf;...sinf,_scosp
To = rsinf...sinf, osinp
Tp = rcosfy_osinfy_q...sinf,_5, k=3,...,n—1 (2.44)
Ty = TCOSH0,_o
with the Jacobian ,
J=r""] (sin6p)". (2.45)
k=1
2.2.3 Inequalities
b l/P
Let || £l = (fydz @) .
b
/dﬂf |f(@)g(@)] < N1 fllpllgllq, 1/p+1/g=1 (Holder) (2.46)
I1f + gl < 1 fllp + llgllps 1 < p < oo (Minkowski) (2.47)
[l < £ gl (Cauchy-Schwartz) (2.48)
1
11 gl < all 11>+ EIIQIIQ» a >0 (Young) (2.49)

| {(fl9)] < |f(a)] max

a<e<h

fla)f(0) = 0,]f(a)| = [f(b)] (Ostrowski)  (2.50)

/a (e,
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2.2.4 Dirac Distribution

Vf(z) so that/d:z: f(z) =1, then: 1ir% éf (;z: — x0> = d(z — ) (2.51)
R e

3

6(z — xo) = % /]de etk(z=0) (2.52)

Sz — z0) = %Q(x — 20) (2.53)

[ @ e(@)i® @ =) = (<176 a0) (2.54)

S(ax) = ﬁa(z), acR (2.55)

6 (9(a) = 2_) Mé(x —w), {ole) =090 @) 20} (256)
V2(L) = ~4xs(r); V(%) =4x8(r); (VP4 K) " = —4rd(r)

2.2.5 Dominated Convergence Theorem

Let fn(2),51 € L' (1); iy oo fu(x) = f(2); | fulz)] < M(X) € L1 () Vo € Q C R, Vn.

lim Qd,u fn= /dﬂf (2.57)

n—oo Q

2.3 Vector Analysis

. . . A3 -

Notation: f, g are scalar functions; A, B, C, D are vectors; T is a tensor; {&;};_, is an
- 3. _ 3 A o La_r

orthonormal basis of R*; r = > 77 | x:&; 7= |r|; £ = T.

2.3.1 Vector Identities

A-BxC=AxB-C=B-CxA=BxC-A=C-AxB=CxA-B (2.58)
Ax(BxC)=(CxB)xA=(A-C)B-(A-B)C (2.59)
AXx(BxC)+Bx(CxA)+Cx(AxB)=0 (2.60)
(AxB)- (CxD)=(A-C)(B-D)—(A-D)(B-C) (2.61)
(AxB)x (CxD)=(AxB-D)C-(AxB-C)D (2.62)
V(fg)=V(9f) = [Vg+gVf (2.63)
V- (fA)=fV-A+A.-Vf (2.64)
VX (fA)=fVxA+VfxA (2.65)
V. (AxB)=B-VxA—-A VxB (2.66)
Vx(AxB)=A(V-B)-B(V-A)+(B-V)A—-(A-V)B (2.67)
Ax(VxB)=(VB)-A-(A-V)B (2.68)
V(A-B)=Ax(VxB)+Bx (VxA)+(A-V)B+ (B V)A (2.69)
VA=V (V-A)-VxVxA (2.70)
V- (VfxVg) =0 (2.71)
VxVf=0 (2.72)
V. VxA=0 (2.73)
Vr=rt (2.74)
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2.3.2 Differential Operators in Curvilinear Coordinates

o Cylindrical Coordinates

Divergence
1 1o} 18A¢ 8A
V. A= ~ (rA,) + " 00 +
Gradient of 1 8f
Curl
1 0A, 0Ay
(VXA =50 " 90
0A, 3A
(V x A) 82 or
10 10A,
(VxA), = a*(A) " 0

Laplacian of a scalar function

2 ofy [ 10 O
V= 87(37 +r28¢>2+822

Laplacian of a vector

2A) —v2a 294 A
(V A)r =V AT 2 8¢ r2
2 2 2 BA’I“ A¢
(Vv A)¢—V Ap+ — 96 12
(V?A), = V34,
Components of (A -V)B
. 0B, Ay 0B, 0B, AyBy
(A-V)B), =4, or r O¢ A oz T
_ 4, 9By Ay 0By 0By  AyDB,
(A V)B)¢—A7~ or r 0¢ + 4 0z + r
(A-V)B). A,.aB Ay OB, 0B,

8r+r8(;5+z8z

Divergence of a tensor

19 10Ty,  OT., Ty
(V-T), = ror (rTer) + r 9¢ + 0z r
. 10 18T¢¢ 8TZ¢ _ T¢T
VD=0 Tl 296 T
10 10Ty,  OT..
VD). =25 0T+ 25 + 75,

e Spherical Coordinates

Divergence
19 ., 0 1 044
V.A_ﬂ@r (r AT)+7"5111089 (sin 84, )+rsin9 ¢
Gradient of 1 8f 1 of

of

11

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)

(2.84)
(2.85)

(2.86)

(2.87)
(2.88)

(2.89)

(2.90)

(2.91)
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Curl
1 9 1 04y
A A — 2.92
(VxA), = rsin6 00 (sinf4) - rsiné o (2.92)
1 04, 10
A), = A 2.
(V> Ay rsinf d¢  rOor (rdy) (2.93)
10 10A,
A), =——(rdy) — - .
(VxA)y =5 (rde) — ——5 (2.94)
Laplacian of a scalar function
9 19 1 a af 1 f
V= ror? )+ mang r2sin6 80 09 2 sin? 0 O¢? (2.95)
Laplacian of a vector
2A, 2 0Ay 2ctghAy 2 0A
ZA) = V?4, — - = — — ¢ 2.
(v )7' v r? r2 96 r2 r2sinf O0¢ (2.96)
2 0A, Ay 2cosf OA
2A), = V%A - - i 2.
(V ) =Videt r2 90  r2sin®0 r2sin’f 0¢ 297)
A 2 0A 2cosf 0A
2A), = V24, - ——2 u 4 2.
(V )¢ Vs r251n29+r2sin9 0 +r251n29 ol (2.98)
Components of (A -V)B
0B, Ay OB, A¢ 0B, AgByg + A¢B¢
A-V)B) =A, — — .
(A-V)B), or * r 00  rsinf 0¢ r (2.99)
0By Ay OBy A¢ 0By AyB, ctg 9A¢B¢
A-V)B),=A, — — .
(A-V)B), " or * r 00  rsinf 0¢ r r (2.100)
OB¢ Ay 8B¢ A¢ 8B¢ A(bBr ctg 9A¢B@
A-V)B), =A — .
((A-V) )¢’ " or + r 00 rsinf 0¢ * r + r (2.101)
Divergence of a tensor
1 9 1 9 . 1 0Ty Too+Tye
(V-T), = r2 or (r#T) + rsinf 00 (sin6T o) + rsinf O¢ r (2.102)
10 1 0 1 0Ty Ty, Ctg9T¢¢
.T), = —— (r*T 0T ¢ - 282 (21
(V-T), = r2 or ( 0) + né oo (sin.6T'0) + rsinf O¢ r r (2.103)
0 oT Ty ctghT 59
T, = == (r*T 0T =00 ter 27090 (9104
(v )¢ r2 Or ( ¢) Jr nd oo (sin 6T ') + rsinf 0¢ r r (2.104)
2.3.3 Theorems (Green, Ostrogradsky, Stokes)
e GGreen B
Let Q C R? be a regular domain; P,Q € C! (Q), Fr(2) the frontier positively oriented of €.
P dx oQ OP
. = [dxd —_— — = 2.105
jir(a) (Q) (dy> /Q T (550 8y) ( )

o Ostrogradski (Divergence Theorem)

Let 2 C R? be a regular domain parametrised by @ = ¢(U); U C R%* F € C! ((; R?); Fr(Q)
the frontier positively oriented of {2; v the unitary boundary continuous normal vector of €2;
do = ||D1’ll) X DQ?/JH dl’ldLL‘Q .

}1{ daF-V:/d3xV-F (2.106)
Fr(Q) Q
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e Stokes in R3
Let S C R? be a regular surface; v its unitary boundary continuous normal vector; {2 € S a
regular domain delimited by a Jordan curve 99 F € C* ((; R?).

/aszds -F = /Qda (VXF)-v (2.107)

2.4 Complex Analysis
2.4.1 Cauchy Formula

Let f € H(Q); Q C C; let Q be an open domain; v(¢) a simple closed piecewise C! curve in
Q, t € I C R, whose interior in contained in £; f ds -F = [,dtF (y(t)) - v (t).

flz) = 2%” fdw j(f)z (2.108)
Y
F¥(z2) = 2% fdw wi(:))’““ (2.109)

2.4.2 Laurent Sums

Let f € H(C); C={2z:71 < |z — 2 <ra}, 0 <7 < rg < oo;let v be a simple closed
piecewise curve in a domain D so that B(zg;71) C D C D C B(z0;72).

z) = Zak (z—zo)k+Zbk (z—2) " (2.110)
k=0 k=1
_ 1 f(2)
bk = a_—r (2.112)

2.4.3 Residues

It is said that f(z) has a pole of order m at z = zo if by, # 0 and b; =0V j > m. In this
case the residue of f(z) is by.

o Flirst order pole

- b = hmz—>Zo( z0)f(z
-If f(z) = B(z)’B( 0) =
e Pole of order m

(m—1) 2
- Let g(z) = (2 — 20)™ f(2), then by = £~ ()

- In the general case by = % f,ydz f(2), z0 € Dint(7y)

)
0, BM(z) # 0, then by = a5

2.5 Ordinary Differential Equations
2.5.1 First Order Linear ODE

t
Let a(t) = [, dsa(s).

t
i(t) = a(t)z(t) + b(t) < z(t) = *® <x0+ / dsb(s)ea<8>> (2.113)
to
2.5.2 First Order Linear ODE System
Let x(t) € R®; A € R™"™; b(t) e R"; b; e CO(R)Vi=1,...,n

x(t) = A-x(t) + b(t) <= x(t) =714 x(to) + / tds =94 . p(s) (2.114)

to
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2.5.3 Bernoulli Equation

(1) = a(t)z(t) + b)) —> 2(t) = 700" . (2.115)

(1 + (1 —n)xo f:ods b(s)e(”—l)a(s)) nt

2.5.4 Second Order Linear ODE with Constant Coefficients

fP @)+ afV(x) +bf(x) = h(t) (2.116)
Case 1: a> —4b >0
—a+vaZ =
Ay = %@ (2.117)
x Ap(z—s) _ A—(xz—s)
f(x) = c1eM® 4 cpet-® +/ ds S ¢ h(s) (2.118)
0 Ay — Ao
Case 2: a*> —4b =0
f(x) =e 2% (¢ + o) + / ds (z — s)e” 2@ p(s) (2.119)
0
Case 3: a*> —4b < 0
Vah — a2
A= # (2.120)

f(x) = e 27 (c1 cos(A\x) + cosin(A\x)) + % /0de e~ 5 (=9) gin(A(z — s))h(s) (2.121)

2.5.5 Eulerian Equation
Let {a;};_, € R, ap #0, by = 0ob =2 -1, g(x) = f(e”).
a2 (@) + a1z f V(@) +aof(2) = 0 <= gP (@) +big™M (@) + bogle) =0 (2.122)

o= G, 128 2

2.5.6 Second Order Linear ODE with non-Constant Coefficients

Let fi(x), fa(x) be two linear independent solutions of the homogeneous problem h(z) = 0;

W(f1, f2] = det <fJ1211) f?))-

F@ (@) + p(a) fV (@) + q(x) f(2) = =

— _h(s)fa(s) “ o h(s)fi(s)
f(z) = c1fi(x) + cafo(z) — fi(z / Wf1,f2 Wit fol(s) + fo(z )/ﬂvodsw (2.124)

2.6 Hilbert Spaces and Transformations

2.6.1 Legendre Transform

Let x € RY; f: RNV — R; (D?f)(x) the Hessian matrix of elements %aij? Yi = gi( );
y € RY; x; = ¢;(y). We define the Legendre transform f.(y) of f(x) by

N
= Zyﬂ%(}’) - f(o(y)) (2.125)

[ supyepn~ (y -x— f(x)), D?f(x)>0vxeQCRY
f*(Y){ infoomn (yox — f(x), DXf(x) <OvxeQC RN (2120)
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2.6.2 Laplace Transform
Let f:[0,00[— C.

2 (@) () = Fi5) = [ o flae (2.127)
0
(e f()) = F(s —a) (2.128)
2 (@ (@) = (—1)"F™)(s) (2.129)
2% ( 7O (g ) = s"F(s) = > " F D (0) (2.130)
k=1
Fra@) = [Afe-na) = 20 =226 @131

2.6.3 Fourier Transform

Let f: RN — € so that [;~dVx|f(x)|* < oo,

g £ 1 —ik-x
(1)) (10 = 0 = sz [ a¥x e (2132)
-1(7 1 £ X
77 (F09) 00 = 109 = g [ @l (2.133)
F(f0e+ ) () = K7 (£(x)) (k) (2134)
F (£ (@x)) (k) = e 2 (£(x)) () (2135)
7 (£ () (k) = (iK)" 7 (f(x)) (k) (2:136)
F (" () () = ()" 7 (760)) (k) (2137)
(19 = [ a%y jx=y)aly) = F (fx0) = Z(NF@) (2139
(fla) = (fla) (2.139)
7 (=5 x14%) (1) — L —3(kla)
J( )(k) A (2.140)

2.6.4 Bases of LQ([a b))

Let (flg) = f dx f(z)*g(x) be the scalar product of L?([a,b]), then one has the following
orthonormal bases {B } _, of L*([a,b]). Bs leads to the usual Fourier sum.

(o)),

)
e (o () ) e (o (25) )} e
=

B:

[y

By =

{
= { i e o)} 2.143)
{ bfasin (n (b”a> (z— a))} * (2.144)

By =
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2.7 Special Functions
2.7.1 Bessel Functions J,(x), Y, (x), H,gi)(x)

e First Kind Bessel Functions J,(x)
Let v > 0; x €]0, oo[; then {J,,J_,} are two linear independent solutions.

e ( 1 x/2)2k+l’

2f@ ® 22 =0 I ( 2.14
2 @) + 2O ) + (a7~ 1) () =0 = kzzok,rwkﬂ) (2145)
eSecond Kind Bessel Functions (Neumann Functions) Y, (z)
{J,,, Y, } are two linear independent solutions of Bessel’s equation, v ¢ N.
1
Y, (z) = ey (cos (v dy,(x)) — J_,(2)) (2.146)
IfreN 5 5
1
Y, =—|=J —(-)=J_, 2.14
(@)= 2 (o dule) = (1) g ofa)) (2.147
o Third Kind Bessel Functions (Hankel’s Functions) H,Si)(x)
{Hl(,+), H,E_)} are two linear independent solutions of Bessel’s equation.
H® (z) = J,(z) £V, (2) (2.148)
e Asymptotic Behaviour of J,(x), Y, (x)
z—too [T ™ T R, (x)
Jo(x) " = 5o cos (x —1” 7) + 32 ig};m y(2)] < o0 (2.149)
Y, (z) e lsin(w—ﬁ—y—ﬂ)—i—sl’i(x) sup |5, (x)] < o0 (2.150)
S Vi7" 1772 g3z 0 SiRv '

2.7.2 Legendre Polynomials P, (x)
n+1/2 P,(z) form an orthonormal basis of L*(] — 1,1[,dz).

(1—a?)f® () — 2f V(@) +nln + 1)f(x) = 0 —> Py(z) = ﬁdd; (@2 — 1" (2.151)
Po(x) =1 Pi(z) =2z Py(z) = $(3z% — 1)
P3y(z) = 3a(52* —3)  Py(z) = §(352* — 3022 4+ 3)  Ps(x) = gx(63z* — 702% + 15)

2.7.3 Associated Legendre Polynomials P (z)

= PP = ()M P) (2152)
Pie)=1 Px)=s Pi(x) = §(302 — 1)
Pi(x)=0 Pix)=—V/1—-22 Pix)=-32v1—22
Pi(r) =0 Pix) =0 P3(r) = 3(1 - a?)
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2.7.4 Hermite Polynomials H,(x)
(2"7/2p!)~1/2H, () form an orthonormal basis of L? (] — 00, 00|, e“‘zdx).

2 dn

FO(2) = 22fD(2) + 2nf(z) =0 < H,(z) = (—1)"e" T e (2.153)
Hy(z) =1 Hy(z) =2z Hy(z) = 2(22% — 1)
Hj(x) = 4x(22% — 3)  Hy(w) = 4(4a* — 1222 +3)  Hs(x) = 8z(4x* — 2022 + 15)

2.7.5 Generalized Laguerre Polynomials L?(z)

,/%La( ) form an orthonormal basis of L? (]0, oo, 2% ~%dz ); a > —1.

af@ (@) + (a+1—2)fP(2) + nf(z) =

d” - (n+a)\
a — n.r,,—a —z_n+a\ _
= Ly(z) = (-1)"e"z s (e %a™t?) = ;(fl)a (n —j)j! (2.154)
Li(z)=1 Li(x)=2-2 Li(z)=3-3z+ ia?
Li)=1 L}(x)=3-2 L}x)=06—4z+ ja?
The Sonine polynomials S, (z) are defined by Sy () = LYyt , where d is the dimension.

2.7.6 Chebyshev Polynomials T, ()
/=T, (z) form an orthonormal basis of L? (] — 1,1[, (1 — 2?)~Y2dz); e, = 2 — 600

n

1 1+2k 2
+ -
Tht1(x) — 22T, (z) + Th—1(z) =0 <= T, (x) = cos (nacos(z Z (z+1 3 =)
k=0
(2.155)
To(z) = T (z) = To(x) =22% -1

)
Ty(x) =42 — 3z Ty(z) =8z* =822 +1 Ts(x) = 162° — 2023 + 5z

2.7.7 Spherical Harmonics Y, (0, ¢)

2041 .
Y0, ) = 1/% (I+m)l(l—m) e P™(cosl), 1>0 (2.156)

Y0, ) = Y1 14)(0, ), 1<—1 (2157
0 1

Yo (0,0) = — (2.158)

4

0 3

Y7 (0,0) = yp cos 6 (2.159)

YE0,0) =F 3 singetiv (2.160)

T

YR (0, ¢) = i(3 cos? 6 — 1) (2.161)
2 ’ 167 .
+1 15 . +i

Y5 (0,0) =F o sin 0 cos § e~*¥ (2.162)
+2 15 +24

Y520, ) = |/ —=— sin® § e=21® (2.163)
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2.7.8 Radial Hydrogen Functions R,;(r)
Let ag = N2 = 0.529117 A; C(n,1) be a numerical coefficient; C(1,0) = 2, C(2,0) = V2,
C2.1) = ;1.
n? d? Rl(l+1 2
A AU R NG B I S
24 dr? 2ur? r
— Ru(r) = C(n,l)—— (= e ma Ll ) (2164)
nl - 9 ag/Q o n—Il—1 2&0 .
2 _r
Rio(r) = —ze (2.165)
g
Roo(7) 2 _(1- ez (2.166)
(2a9)3/2 2aq
Roy (1) L 7 (2.167)
_ . o :
2 V3(2a0)3/2 ao
Roo(r) = —2 (1222 4 27 o507 (2.168)
r = e — - e a() .
50 (3ag)3/? 3ag 27 a3
8 1r\r _—
Rsy1(r)=————|1—=-— ) —e 3a 2.169
31(r) 9v/2(3a0)%/2 ( 6a0> 0 0 ( )
12 2 __r
R3o(r) = ————— | =) e 3a 2.170
2(1) = S e (o) © o (2.170)
2.7.9 Airy Function A;(x), B;(x); Asymptotic Behaviour
FP(@) —af(@) =0 = f(2) = Vais (372) (2.171)
Ay(+00) = A<1>(+oo) =0 Bi(~o0) = BM (=00) = 0
Tr——+00 Tr——00
Ai(z) " = 1/4 exp (—2 3/2) Bi(z) = 11/4 exp (3 3/2)
A; (Qf) = W COS (%(—,I)B/Q — %) Bl(l‘) * XOO W sin (%(—17)3/2 — %)
2.7.10 Gamma Function I'(x)
(z—1)!=T(z) = / dye vy ! (2.172)
0
F'z+1) =2l (x) P@)P(1-2) = &6m
T(n+1/2)=%r@n -1 T(1/2-n) = (-1)" 5
2.7.11 Stirling Formula
Let z € C. In general one uses z! ~ v/2mz*t1/2e=%,
_1 1
V222t 2e72e12:41 < 2! < V2r2F Y 20 %eT2: (2.173)
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2.8 Statistics
2.8.1 Statistical Distributions

Distribution name Distribution (X)| (AX)?
Binomial b(n, p) p(X =)= (")p*(1—p)" " np | np(1—p)
Poisson P(\) p(X =x)= 2, e A A A
Geometric G(p) p(X =) =p(1—p)*! % 1;2”
Pascal Pa(n,z,p) p(X =)= (Z?)p“’(l —p)7 - T(;p)
7)\:r >
Exponential exp(\) )\ i - 8 : =
,Xm Am)t 17 - > O . .
Gamma I'(¢, \) T(s) . ; 0 3 2
(=)
Normal N(u,0) X) = (zm2)N/2 e 202 m o2
2.8.2 Inequalities (Markov, Jensen, Tchebychev)
Let ¢ : R — R be convex.
{1X1) . (AX)?
p(Xlza) < == o({X) <(o(X));  p(X—(X)|2a)<—3

2.8.3 Limit Theorems

o Central-Limit
Let {X;}!_, be independent and equally distributed; (X;) = 0 Vi; p = (<AX)3; O(z) =

i fjoody e_y2/2'

1 - 3p
sup |p | ——= X,<a|—®a)| <— 2.174
o Moivre-Laplace
Let {X;}.—, be independent; (X;) = p,.
(X —
lim pa< M <b| = o) — dla) (2.175)
nee 21:1(AX1‘)2
2.8.4 Wick’s Theorem (Classical Case)
Let’s consider a gaussian distribution; (2k)!!'=1-3-5-...-(2k—1) = %
nl!
Z <ka Xk p2 LI <ka 1 ~kan>, n even
<Xk’1 et xkn> = pairs " (2176)

0, n odd
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3 Physics

3.1 Motion in Curvilinear Coordinates

3.1.1 Cylindrical Coordinates

Uy 7 ar 7 —rp?
Uy =1 r¢ |; ay =1 rp+2rp
Uy z G Z

3.1.2 Spherical Coordinates

Uy T a, i — 6% — rsin(0)2¢?
vg | = rf ; apg | = 70 + 270 — rsin(0) cos(#) >
Vg rsin(0)p Qg rsin(8)¢ + 2sin(0)r¢ + 2r cos(0)0¢
3.2 Classical Mechanics
3.2.1 Lagrange Equations with non Conservative Forces
Let x = (z1,...,2x5) € RY be the cartesian coordinates; q = (q1,...,qn) € RV the gener-

alized coordinates; C' < N the number of holonom constraints; T'(q, q,t) the kinetic energy;
V(q,t) the potential energy; L(q,d,t) = T(q,q,t) — V(q,t) the Lagrangian; F(x,t) € RV
the non conservative forces of the system.

d foc\ oL  9x(q) L _
% (a@) i CUR Vi=1,...,N-C (3.1)

3.3 Hydrodynamics
3.3.1 Navier-Stokes Equation
Let the flow be isotropic, incompressible, viscous, Newtonian; let ¢ be the dynamical viscosity;

f the volumic forces.

0
P ((3;’ +(v-V) v> = —Vp+ pf + uV3v (3.2)

When p =0, (3.2) is called the Euler equation.

3.3.2 Bernoulli Equation
Let the flow be non viscous, stationary, of curl equal to zero; C € R.

2
V5
ptpy tpfiwi=C (3.3)

3.4 Classical Electrodynamics

3.4.1 Maxwell’s Equations

Name or Description Equation (SI)
) _ _ 0B

1) Faraday’s law VxE=-%

2) Ampere’s law V xH= %71? +j

3) Poisson equation V-D=p

4) (Absence of magnetic monopoles) V-B=0
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3.4.2 Complementary Basic Relations
Name or description Equation (SI)
Equation for the vector potential VA - % %Qt{} = — 0]
Equation for the scalar potential vV — c% %i‘; = —%
Poisson Equation Vif(x) =g(x) <= f(x)=—2 [,y |f((_”;|
Linear tensorial constitutive relations D =cE; B=uH
Electric Force F = x&0V (3E?) Q|
Magnetic Force F=2XV (3B?) 9]
Energy du=E-dD+H-dB
<~ u(x,t)=3(E-D+H-B)
Poynting’s Vector S=ExH
Poynting’s Theorem %u(x, t)+V-S(x,t)=-E-j
3.4.3 Vacuum Electrostatics
Let I' € R3 be a closed path; ¥ C R? a closed surface.
VxE:O@j{d’yE:O (3.4)
r
V~D:0<:>]{doD: Y a (3.5)
= i€ Dine (%)
b
E:fVV<:>/d'yE:/dsE:Va7Vb (3.6)
r a
1
vv=-L — vx= /d3y pY) (3.7)
€0 dreo Jo 7 Ix -
W =qV < W =E-dD (3.8)
3.4.4 Linear Theory of Conductors and Dielectrics
Let Q C R3 be a volume of measure |Q).
V=g U=icv? U=1iE? (3.9)
F = xs0V (LE?) | (3.10)
u=qd (3.11)
dp
P= o P = ysE (3.12)
D=¢gE+P < D=¢p,E (3.13)
3.4.5 Magnetostatics
VxH=j < jédyH:Z[int (3.14)
r
V~B:0<:>fdoB:O (3.15)
b
VIA = —ppj = Ax) =2 /d?’yﬂ (3.16)
At Jo 7 x -yl
dF = Idlx B < dB = Z—Oldl x4 = Bx)= @/d?’yw (3.17)
T ' Q

r2  4rm |x —y|3

oW =H-dB
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3.4.6 Magnetism of Materials

= v (iB%) |0 (3.19)
Mo
dm
=IS; M= —; M= yH )
m ; o X (3.20)
B =o(H+M) < B = pou,H (3.21)
3.4.7 Induction
j=0E < V =RI (3.22)
Dy Dy
D I; I;
1772 B>
U=sLI% U=_— 3.24
2 210 (8:24)
%d’yE =¢ (3.25)
r

3.4.8 Kramers-Kronig Equations

Let fidw L0 = limp o lime_,o( “odw L 4 [ dw jﬁ“:}o); E(w) = &1(w) + &2 (w).
1 éa(w
& (wo)—eo—;fd WQ(w)O (3.26)
& (w) — 2
2
7{ o (3.27)

3.5 Special Relativity
3.5.1 Lorentz Transformation

Let B=v/c;y=(1— ,82)_1/2; x = (ct,xt, 22, 2%); xy, = Aav; AV, = ghP A,

" Ve s oo
(M) = (gx”) = o (—:—1)/312,82 OenB (-Dypasn (3.28)
' Ty ) et —YB2 72 L+ =7 72
s (7—2)251/33 (w—}j)zﬁws 14 (v—ﬁilz)ﬁi
1
(glw)i,yzl = (gﬂy):y:1 = - 1 (3.29)

-1

If v and v are the parallel and perpendicular components by respect to vi, then the
Lorentz law of composition of the speed v; and vy gives

_v:
Vi — Vit vy v, = c2 Vol
I 1+ V1C'2Vz ) 1+ Vlc'2V2 )

3.5.2 Covariance, Contravariance, Invariance

o Contravariant Field
b (x") = A" B (x); b = g"vb, (3.30)
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o Covariant Field
b;t(x’) = (Afl) Hbu(x);

o (Pseudo)-Tensor Contravariant of Order p and Covariant of Order g

by = gub”

Oy g = CMA™, A% (AT (A*l)%qml"% _
e C(A) =1VA = b is a tensor.
e C(A) # 1VA = b is a pseudo-tensor.
e C(A) =sign(A%) VA = b is a pseudochron tensor.
e C(A) = (det(A)) ™" VA = b is a density tensor.
e Invariance

If a* is contravariant, b, covariant, then a*b, is invariant under the Lorenz group.
a (x")by,(x') = a" (x)bu(x) VA

The norm of the energy-momentum quadrivector E = (E/¢, p) is an invariant.

(E']g[E") (x') = (Elg|E) (x)

3.5.3 Electrodynamics

23

(3.31)

(3.32)

(3.33)

(3.34)

Let p(x,t) = qd (x —14(t)); j(x,t) = qvq(t)d (x —ry(t)); T the proper time defined by % =

(v,vv (t(7)) /c) the proper speed.

1/7(t); u(r) =

Name or Description Equation (SI)

H(x))us = (p(x: 1), 5(x,1) /<)

Current quadrivector (J

(A (x, t))i = (¥(x 1), cA(x, 1))

Potential quadrivector

Gauge transform = .A + 0ux(x,1)

Lorentz gauge A“ =0

Electromagnetic field tensor Fuv = 6“.»4 0, A, Fou

Maxwell equations O F = Ju/ €0

a)\fuu"f'aufy/\‘Fay]:,\H:O V/\MV:O,...,

Force quadrivector Ft=FMy, =~v(E- -u/c,E+uxB)

Impulsion quadrivector pH* = mcut
Equations of motion df: =qF*
Energy-impulsion tensor TH = ¢go (FILFY — g F o FP7 [4)
Force density quadrivector fr=FJ,=(E-j/c,p(E+jxB))
Conservation laws 0, IT* = —f"
3.6 Thermodynamics
3.6.1 Thermodynamic Functions
S:S(Uv{X7}aV) %:%a szaaTsja %:% S:%—FZJFJXJ—F%V
U=U(S{X;},V) T=%:P=8: »=5% |U=TS+X,;PX;-pV
OF . _ 0 Ié) —
F=F(T{X;},V)=U-TS | S=-%5; Pj_a—)g, —p=35C | F=Y,PX; —pV
H=H(SAX;},p)=U+pV | T=% P=5 v=541 H=TS+Y,PX;—pV
— _ _0G. _ 0G oG —
G=U-TS+pV S=—-37; b ox; V=25 G=>,PX;—pV
0, 0
®=U-TS -3, 1N S= g3 N = 5 =—pV
_9u| . o2 . _ 9 Hy _ H
Cf_Wk? X = ah‘):(h T) h:07 m_aii(f%T)v £1—>2_m7§_m71
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3.7 Classical Statistical Physics
3.7.1 Statistical Ensembles
See sections 3.10.1-3.10.3 page 28.

3.7.2 k-Points Correlation Function
Let A C R?; indistinguishable particles; X, = (Pa, da); da € A; Pa € RE dVw(x) = ]\?,:3‘,\,,
let

A(X1y.. . XN Z AR (x, .. < Xay,)
1<a1<N
1Sai-,§N
be a k-points observable; let N = k-+m; then the k-points correlation function p¥)(x1, ..., xx)

is given by
p(k)(xl7"'7xk): Z/dmw(Y1a7Ym) pk+m(xl7'--7Xk7y17"'>ym) (335)
/dk PP (x1,. . xpk) AP (xq,. . xp) (3.36)

3.7.3 Fokker-Plank Equation

Let the stochastic process be a Markov weakly stationary process defined by p(xq|x, t); let
x = (21,...,%,) be the n variables of the system; let a > 1; [;,d"x (x — Xq); p(Xo|x,t) =
a;(x0)t + O t%); [Rad™x (x — X0)i(x — X0); p(Xo|x,t) = bi; (xo)t + O(t).

aat (xoly. ) Z

pxoly. 1 Z 8y18y, BIpxaly.)  (3.37)

3.7.4 Master Equations

Let the stochastic process be a discrete Markov weakly stationary process; W(ni|ns) =
lim; o $p(n1|n2,t); P(n,t) = P(n'|n,t) the conditional probability of state n at time ¢
granted that the state was n’ at time 0, Q the space phase.

Srlnt) = X (ol W) — pln, W () (3.39)

n’eQ

3.8 Quantum Mechanics
3.8.1 Stationary Perturbation Theory
Let H = Ho +W; Hp |¢n) = E2 |p,).

(il Wlen) |
FE, = Eg + {on|Wen) + Z TR0 E0 +... (3.39)
i*n n i
(s W cpn
e 70) = len) + D oo — g0 l | i) + ... (3.40)

i#n n
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3.8.2 Non Stationary Perturbation Theory
Let H(t) = Ho+ AW (1); (xl¢bn) = U(t) (x|vbo); Uo(t) = e~ Ho/n Wi (k) = U (6)W (£)Uo(1).

U(t) =Uy(t) ( ;/dsl Wi(s1) ( ) /dsl / dso Wi(s1)Wi(s2) +
+ (;)n/otdsn WI(S”)ZI:[I /OSkHdSk Wri(sg)+ .. ) (3.41)

3.8.3 Fermi’s Golden Rule

Let H = Hy + W (t); Ho |in) = Ej, |in); Ho lend) = Eenq lend); (infend) = 0; let {|v)}, be an
orthonormal base; Hy |v) = E, |v).

2

dp(in — end) 27

% — 0(Ein — Eena) 1]1_% A(n) (3.42)
(end|W|in) , first order

A(n) = (end[W|v) (v|W |in) (3.43)
Z By — Ep—in second order

3.8.4 Harmonic Oscillator

Let {|n)} 2, be the eigenstates of the hamiltonian H with eigenvalues {E,} , so that
H |n) = E, |n); H,(z) the n'" Hermite polynomial.

a2
p . At
=2 e o (@la+ ) (.40
~ _ p—imwq ~t _ Ptimw§
&= hme ¢ = ahme
aln) =+/nin—1) atn) =vn+1n+1)
al0)=0
‘ _ 1 A\ 0 _ (mw\1/4 1 R T H mw
n> = \/7 (a ) ‘ > Pn (x) - <'T n> - (ﬁ) an!e n ( “h 'T)
mw 1/4 _M 2 mw ! e a?

aole) = () e B er@) = (3(3)°) e S

mw o2

(
pa(z) = (72) ! (2me — 1) e 2R

3.8.5 Hydrogen Atom

Let r =|r);r € R3; p= "2 2 = %; 1 = 2 R, (r) and Y™ (6, ¢) are defined in

Me+myp? 2Mee

the sections 2.7.7 and 2.7.8. The complete set of commutating observables is {H, L%, L3}.

W ¢ —E 3.45
(-5, ) vt = Eoe) (3.49)
Ypim (r) = Rt (1)Y™ (0, 9) (3.46)
H¢nlm - Enwnl'rn n = 17 27 <, 00 (347)
L2Y™(0,¢) = K211 + 1)Y;™(0, ¢) 1=0,1,...,n—1 (3.48)

L3Y™ (0, ) = hmY]" (0, ) m=-—,—-l+1,...,0—-1,1 (3.49)
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Er

Ep=-— (3.50)
2 2 2

By =2 _ 1360580 ¢V, a= % (3.51)
19 L2

2 [

v ror? 22 (3.52)

Ly =1Ly +il, (3.53)

LiY™(0,0) = /I +1) —m(m £ 1)Y;"*(0, o) (3.54)

L?=3(LyL_+L_Ly)+ L3 (3.55)

Lil+=L*+hly— L3 (3.56)

3.8.6 Pauli’s Matrices
0 1 (0 =7\ (1 0
9= =\1 0 bv=\i 0)’ 7= \0 -1

3.8.7 Commutation and Anticommutation Relations

Let q, P, L= g x P be the position, impulsion, orbital kinetic momentum operators; @, a'
the annihilation, creation operators; O denotes a cyclic permutation.

(@, B] = ihdij; L1, Ly] = ihL3 O [L2,1] = [L2, Ls) = 0
[L3, Ly] = £hLy; Ly, L-]= 2hL3, L% Li] =0
[&,dT] =1, [aTa a] = [dT&,dT] =af
[o—xa Uy] = 2i0, O; {va Jy} =0 O
[AB,C] = A[B,C] + [A,C]B; [A, BC] = B[A,C] + [A, B]C
1
eAeB — (At+B+35[AB] (3.57)
A+B _ 1: 4 B N
e = ngnoo (e e ) (3.58)
A" B n=>0
AA —AA _ )
e Be Z%WQ<AB% g%MJ%_{[AQ%ﬂABH,nZI(aw)

3.9 Feynman Path Integral
3.9.1 Feynman Path Integral
Let £ (x(s),%(s)) be the Lagrangian of the system; d its dimension.

iUt tovo) = [ dlx(] exp (5 x()) (3.60)
. dN;—l
/ Cdfx()] = Jim_ (27?”) /]R dixy - dixy (3.61)
Xo,to ™ N+1 dN
:[%Mﬂ%ﬂm (3.62)

(X[} = /]RdddXo {x|U(t, to)[x0) (xo[tb0) (3.63)
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3.9.2 Van Vleck’s Formula
Let x.(-) be the classical path with boundary conditions x(tg) = xo, x(t) = x; v (x.(-)) the
3
number of times that det <{6;S(x5(5))} ) =00, s € [0,¢].
®0,10%5 ) 5=1

2
s \|”
det _
8xo,i8xj ij=1

1 RS0 emiFrixe()) (3.64)

(x|U(t,to)x0) ~ (2mih)3/2

c

3.9.3 Exact Solutions
3D Free Particle: £L = 3mx?(s)

UGt o) = [ ()] exp (2”,;‘ / tdsfé(s)) - (mgj_t))/ 5O (305)

Xo,to 0
8 () = X=X (3.66)
¢ 2 (t—to) '
s —to
Xc(s) = x0 + ; (x —x0) (3.67)
—to
1D Linear Potential: Time Dependent Electrical Field: £ = 3mi?(s) + eE(s)x(s)
_ (M VYR steet)
(@lU(t,0)[z0) = (5= ) e (3.68)
Z(s) = (a:—:co +xo+—/du/dvE /du/dvE (3.69)
1D Forced Harmonic Oscillator: £L = mi?(s) — 3mw?a?(s) + F(s)z(s)
m 1/2 w 1/2 ig
. _ (o W N S _
(2U(t:to)lo) (27rih> <sin (w(t— to))) ¢ (3.70)
mw 5 o
- = — 5 - -2
S (z:(+)) Sein (@ (t o)) {(x + xg) cos (w(t — tg)) — 2zx0
2 2z0 [ .
—l—— ds F(s)sin (w(s —tg)) + — /ds F(s)sin (w(t — s))
to

T wz /dS/duF 5) sin (w (t—s))sin(w(u—to))} (3.71)

sin (w(s — o))

Te(s) = —————% (fﬂ — zg cos (w(t —to)) — % /tthF(U) sin (w(t — “)))

sin (w(t — tp)) o

0 008 (w(s — to)) + % /SduF(u) sin (w(s — u)) (3.72)

3.9.4 Quantum Statistical Physics

Q="Tr(e —ﬁH) : to=0,t = Bh (3.73)
/dx / dWp exp ! ﬁhdsV (x(s)) (3.74)
h 0
Bh x(o 2
AWy = d[x(-)] exp (-4; [as (ddf,)> ) D= % (3.75)

<X(t1) . X(t2)> = 2D min (tl, t2) (376)
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3.10 Quantum Statistical Physics

In the classical case, one replaces Tr(-) by > n_ fFNA %() (the sum appears only in

the grand canonical ensemble), with x = {ql-,f)i}fil; a,p € R? and operators by their
eigenvalues.

3.10.1 Microcanonical Ensemble

Let Pbé be the projector on the Hilbert subspace of energy [F — A, E.

~A _ 1 A
p=(E,N,A) = BENDL Pg (3.77)
Q4(E,N,A) = Tr (PF) (3.78)

S(E,N,A) = kgln (Q2(E, N, )

3.10.2 Canonical Ensemble

(6, N,A) = S 7
p(B,N,A) = QNN (3.79)
Q(B,N,A) = Tr (e”FHnn) (3.80)
F(B,N,A) = ~3n(QB,N, A S(8.N,A) = ~kpB; (3 1n(Q(3, N, A)))
(Hna) = =25 n(Q(B, N, A))
3.10.3 Grand Canonical Ensemble
A A e~ B(HA—puN) 581
p(B, i, A) = QG A (3.81)
Q(B, 1, A) = Tr (e PHA 1)) (3.82)

3.10.4 Quantum Linear Response Theory

e Linear Response Function xap(t,t’)
Let H(t) = Ho + Hy(t); Hi(t) = —Bf(t); let A, B be observables; xap(t,t') = xap(t —t);
xap(t) =0Vt <O.

(A) (1) = (A), + / At xan () (1)) + O(f2) (3.83)

o Fluctuation-Dissipation Theorem
Let Up(t) = e Ho/h; BO(t) = Ug(t)BUs(t); let Gap(t) = 5 Tr (po (ABO(t) + BO(t)A)) =
(AB°(t)) be the temporal correlations of A and B; Gap(w) = Jrdt e Gap(t).

1, . . - . 1 hw\ =
li - (Cmalo+ 2) — Vil +i2) = 11 (52) Gane) (359
e Kubo’s Formula 5
xanlt) = [ dr < L pos) A°<t>> (3.85)
0 ds s=—1iht p
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3.11 Dynamical Systems and Fractals
3.11.1 Liapunov Exponents

Let x = F(x) ~ (%)x* X0 = Vi X0; Xpq1 = F(x,) (%f:) (x0) = BE(xn) - B (xp-1) -
DI (x9) = V,.(%0). The dynamical system is chaotic in Q = {xo € RV|A! > 0}.

ot m
A= lim 2%51“ (Tr (V- Vy)) (3.86)
U i A ¢
A= nh_)ngo - In (Tr (Vn Vn)) (3.87)

3.11.2 Generalized Multifractal Dimension D,

Let N(g) be the number of hyper-box C; of spatial extension € needed to cover the object;
let p1; = p(C;) = limp_.oo 7+ fOTdt X, (x(t)) be the measure of C;; ¢ = 0 corresponds to the
usual fractal box-dimension of uniform weight.

1 In (I(g,¢))
Dy = lim = 0 (3.88)
N(e)
I(g,e) = Z pud (3.89)



