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Concepts

• Inspired from the LGA approach

• Directly simulate on the computer the average value

Ni =< ni >.

• There is no need for an underlying Boolean model of particles

• Much more flexibility to choose the collision term Ωi(N)
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The Lattice Boltzmann (LB) dynamics

From now on, we use the notation fi instead of Ni.

The LB scheme has a collision step

fout
i = fi(~r, t) + Ωi(f(~r, t))

and a propagation step

fi(~r + ∆t~vi, t + 1) = fout
i

where Ω must obey mass and momentum conservation

z
∑

i=0

Ωi = 0
z

∑

i=0

Ωi~vi = 0
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Macroscopic quantities

As before, the fluid density ρ and the fluid speed ~u are defined as

ρ =
z

∑

i=0

fi ρ~u =
z

∑

i=0

fi~vi

The equation governing the fi’s is

fi(~r + ∆t~vi, t + 1) − fi(~r, t) = Ωi(f)

With an explicit expression for Ω, the multiscale Chapman-Enskog

expansion can be repeated as for LGA models and the continuity

and Navier-Stokes equation can be calculated.
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Single relaxation time model (BGK)

We choose

Ωi = ω (feq
i (ρ, ~u) − fi)

where ω = 1
τ

is a free parameter (inverse of a relaxation time) and

feq
i (ρ, ~u) is taken as

feq
i = ρti

[

1 +
~vi~u

c̄2
s

+
1

2c̄4
s

Qiαβuαub

]

where c̄s and ti are lattice specific constant and

Qiαβ = viαviβ − c̄2
sδαβ
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Momentum Tensor

The local equilibrium coefficients are such that

Πeq
αβ =

z
∑

i=0

feq
i viαviβ = ρc2

sδαβ + ρuαuβ

because, by definition, the ti’s obey
∑

i

tiviαviβ = c̄2
sδαβ

and
∑

i

tiviαviβviγviδ = c̄4
s(δαβδγδ + δαγδβδ + δαδδβγ
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Table of coefficients

topology t0 ti (slow speeds) ti (fast speeds) c̄2
s/v

2

D2Q9 4/9 1/9 1/36 1/3

D3Q19 1/3 1/18 1/36 1/3
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Equilibrium part of fi

The Chapman-Enskog expansion is

f = f0 + f (1)

The condition Ω(f (0)) = 0 (see LGA slides) implies that

f (0) = feq

and thus

ρ =
∑

i

feq
i ρ~u =

∑

i

feq
i ~vi

which can be verified from the expression of feq.
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Non-Equilibrium part of fi

We have

Ω(feq + f (1)) = ω
[

feq
− (feq + f (1))

]

= −ωf (1)

Thus the first order Chapman-Enskog equation gives

−
ω

∆t
f (1) = ∂tf

(0)
i + ~vi · gradf

(0)
i + O(∆t)

where we use

∂tf
(0)
i =

∂f
(0)
i

∂ρ
∂tρ +

∂f
(0)
i

∂ρuα

∂tρuα

with

∂tρ = −divρ~u ∂tρuα = −∂βΠ
(0)
αβ
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Non-equilibrium part

Using the expression for feq, we obtain

fneq
i ≈ f

(1)
i = −

∆t

ωc2
s

tiQiαβ∂aρuβ

and

Πneq
αβ ≈

z
∑

i=0

fneq
i viαviβ = −

∆t

ω
c2
s (∂aρuβ + ∂bρuα)
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Full Navier-Stokes equation (1)

Using second order in ∆t and multiscale Chapman-Enskog

expansion yield the following equation for momentum conservation

∂tρuα + ∂β

[

Π
(0)
αβ + Π

(1)
αβ +

∆t

2

(

∂tΠ
(0)
αβ + ∂γS

(0)
αβγ

)

]

= 0

where ∂tΠ
(0)
αβ and

S
(0)
αβγ =

z
∑

i=1

viαviβviγf
(0)
i

accounts for the lattice contributions to the momentum

transfert.
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Full Navier-Stokes equation (2)

The final calculation gives

∂tρuα + ρuβ∂βuα + uαdivρ~u = −c2
s∂αρ + ∆tc̄2

s

(

1

ω
−

1

2

)

∇
2ρuα +

∆t

(

1

ω
−

1

2

)

[

2c̄2
s − c2

s

]

∂αdivρ~u (1)
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Incompressible limit

At low Mach number, we can assume that divρ~u = 0 and one

recovers the usual Navier-Stokes equation

∂t~u + (~u · ∇)~u = −
1

ρ
∇p + νlb∇

2~u (2)

where p = c2
sρ is the scalar pressure and νlb is the kinematic

viscosity

νlb = ∆tc̄2
s

(

1

ω
−

1

2

)

(3)
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Body force

A constant body force can be included as

fi(~r + ∆t~vi, t + ∆t) = ωf
(0)
i (~r, t) + (1 − ω) fi(~r, t) +

∆t

c̄2
s

~vi ·
~F (4)

so as to produce the following correction to Navier-Stokes

∂t~u + (~u · ∇)~u = −
1

ρ
∇p + νlb∇

2~u + ~F
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Boundary Conditions

Several boundary conditions can be used on a wall (with imposed

velocity)

• Bounce back (no-slip): not very accurate

• Zhou and He: simple and usually efficient: need to compute ρ

on the wall and compute the missing distribution from the local

equilibrium and by bouncing back of the non-equilibrium parts.
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